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Abstract 

Let p be a prime number, and let k be an imaginary quadratic number field in 
which p decomposes into two primes p and p . Let koo be the unique Z p -extension of 
k which is unramified outside of p, and let be a finite extension of k^, abelian 
over k. Let Woo/Coo be the projective limit of principal semi-local units modulo 
elliptic units. We prove that the various modules of invariants and coinvarants of 
oo are finite. Our approach uses distributions and the p-adic L-function, as 
defined in [4]. 

Mathematics Subject Classification (2010): 11G16, 11R23. 
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1 Introduction. 

Let p be a prime number, and let k be an imaginary quadratic number field in which p 
decomposes into two distinct primes p and p. Let k^ be the unique Z p -extension of k 
which is unramified outside of p, and let be a finite extension of fcoo, abelian over 
k. Let be the Galois group of K^/k. We choose a decomposition of as a direct 
product of a finite group G (the torsion subgroup of G^) and a topological group V 
isomorphic to Z p , G^ = G xT. For all n G N, let K n be the field fixed by T n := T p , and 
let G n := Gal (K n / k) . Remark that there may be different choices for T, but when p n is 
larger than the order of the p-part of G, the group T n does not depend on the choice of 

r. 

Let Fjk be a finite abelian extension of k. We denote by Of the ring of integers of 
F. Then we write O f for the group of global units of F, and Cp for the group of elliptic 
units of F (see section 3). We set Cp := Z p ®^ Cp. For all prime ideal q of Op above p, 
we write Fq, Op^ and O f respectively for the completion of F at q, the ring of integers of 

Fq, and the group of units of Op q . Then we write Up for the pro-p-completion of J^J O f . 

q|p 

The injection O f < - J t Y\ O f induces a canonical map Z p ®% O f — > Up. The Leopoldt 

q|p 



* Stephane Viguie, Laboratoire de mathematiques de Besancon, UMR CNRS 6623, Uni- 
versity de Franche-Comte, 16 route de Gray, 25030 Besancon cedex, France. e-mail: 
stephane . viguie@univ-f comte . f r 



1 



conjecture, which is known to be true for abelian extensions of k, states that this map 
is injective. For all n G N, we write C n and U n for Ck„ and Uk u respectively. We define 
Cqo := hjn C n and Woo := lim U n by taking projective limit under the norm maps. The 
injections C n U n are norm compatibles and taking the limit we obtain an injection 

For any profinite group Q, and any commutative ring R, we define the Iwasawa algebra 

R[[Q]} :=hmi?[H], 

where the projective limit is over all finite quotient Ti of Q. Then Coo and Woo are naturally 
Z p [[Gqo]] -modules. It i s we U known that they are finitely generated over Z p [[r]]. Moreover 
one can show that Woo/Coo is torsion over Z p [[r]] (see [13, Proposition 3.1]). Let us fix a 
topological generator 7 of T, and set T := 7 — 1. We denote by C p a completion of an 
algebraic closure of Q p . For any complete subfield L of C p , finitely ramified over Q p , we 
denote by Ol the complete discrete valuation ring of integers of L. Then the ring C^[[r]] is 
isomorphic to C^[[T]]. It is well known that C?l[[T]] is a noetherian, regular, local domain. 
We also recall that 0^[[T]] is a unique factorization domain. If Ul is a uniformizer of Ol, 
then the maximal ideal of Ol is generated by Ul and T, and C^[[T]] is a complete 
topological ring with respect to its rriL-adic topology. A morphism / : M — > N between 
two finitely generated Cl[[T]] -module is called a pseudo-isomorphism if its kernel and its 
cokernel are finitely generated and torsion over Ol- If a finitely generated (9^[[T]] -module 
M is given, then one may find elements P\, P r in Ol[T], irreducible in C^[[T]], and 
nonnegative integers no, n r , such that there is a pseudo-isomorphism 

r 

M — ► L [[T]] n ° © O l [[T]]/ (Pn . 

i=l 

Moreover, the integer uq and the ideals (P" 1 ), {Pr r ), are uniquely determined by M. 
If uq = 0, then the ideal generated by P" 1 ■ • • P" r is called the characteristic ideal of M, 
and is denoted by char o L [[T\]{M) . 

Let x b e an irreducible C p -character of G. Let L{\) C C p be the abelian extension 
of L generated by the values of \. The group G acts naturally on L(x) if we set, for all 
g G G and all x G L(x), g-X := x{d) x - F° r an y 0L[G]-module Y, we define the ^-quotient 
Y x by Y x := Ol( x ) ®o l [g] Y . If Y is an 0£ [[Goo]]-module, then Y x is an Ol( x ) [[T]] -module 
in a natural way. Moreover if L contains a [Kq : k]-th primitive root of unity, then there 
is (a, b) G N 2 such that 

<char OL[[T]] (M) = u b L J] char 0i[[T]] (M x ) , (1.1) 

x 

where the product is over all irreducible C p -character on G. 

For any profinite group Q, any normal subgroup % of Q and any Ol [[{?]]-module M, we 
denote by M H the module of "H-invariant of M, that is to say the maximal submodule of M 
which is invariant under the action of "H. We denote by My_ the module of "%-coinvariant 
of M, which is the quotient of M by the closed submodule topologically generated by the 
elements (h — l)m with h G % and m G M. 

In this article, we prove that for all n G N, the module of r n -invariants and the module 
of r n -coinvariants of Woo/Coo are finite (see Theorem 6.1). It generalizes a part of a result 
of Coates- Wiles [3, Theorem 1], where this result is shown at the x*-P ar ts, for i ^ 
modulo p — 1, and for \ the character giving the action of G on the p-torsion points of 
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a certain elliptic curve. But the result of [3] is stated for non-exceptional primes p (in 
particular p ^ {2, 3}), and under the assumption that Ok is principal. Here we prove the 
general case. 

Moreover we would like to mention an application of Theorem 6.1 to the main conjec- 
ture of Iwasawa theory. For all n G N, we set £ n := Z p £g>z and we denote by A n the 
p-part of the class-group CI {Ok„) of Ox n - We define 8^ := hjri S n and := h_m A n , 
projective limits under the norm maps. A formulation of the (one variable) main con- 
jecture says that char Zp(x)[[T ]] {£ 00 /C 00 ) X = char Zp(x) [[ T] ] (4^), where Z p (x) is the ring of 
integers of Q p (x)- It has been proved in many cases by the use of Euler systems. We 
refer the reader to the pioneering work of Rubin in [11, Theorem 4.1] and [12, Theorem 
2], adapted to the cyclotomic case by Greither in [5, Theorem 3.2]. The method is now 
classical, applied by many authors, see [2, Theorem 3.1], [7] and [13]. However for p = 2 
(and for some cases for p = 3) the results are less strong and we just obtain a divisibility 
relation 

cnai X,(x)[[T]] ( A oo, x ) divides p a char Zp{x)[[T]] (£ 00 /C 00 ) x , (1.2) 

for some a G N (see [7] and [13]). Following the ideas of Belliard in [1], in a forthcoming 
paper we will deduce from Theorem 6.1 that for p G {2,3} the Z p [[r]] -modules £oo/Coo 
and have the same Iwasawa's \x and A invariants. This result, together with (1.2), 
implies that there is (a, b) G N 2 such that the following raw form of the main conjecture 
holds, 

u^char Zp(x)[[T]] (A^) = u x char Zp(x) [ [T]] (S 00 /C OQ ) X , 
where u x is a uniformizer of Z p (x). 

2 Distributions. 

In this section, let A be a commutative ring and let Q be a profinite group. We denote by 
X(G) the set of compact-open subsets of Q. Remark that for any X G £(G), one can find 
a finite subset F of X, and an open normal subgroup % of Q, such that X = U xH.. 

Definition 2.1 An A- distribution on Q is an application \i : X(G) — > A, such that for all 
(X U X 2 ) G X(G) 2 , ifXx f]X 2 = 0, then 

fi(X 1 UX 2 )=fi(X 1 )+ f i(X 2 ). 

We denote by Ai (Q, A) the A-module of A- distributions on Q. Moreover for X G £(G) 
and /ifM (Q, A), we denote by \i\x the restriction of p, to X , 

H\ X : X{X) >■ A, Y i fi(Y). 

Let 7r : G — > G' be a continuous open morphism between two profinite groups, such that 
Ker(7r) is finite. To any distribution |i6M (G, A) we attach the unique A-distribution 
7i ^fi on G ', such that for all X G X (G'), 

ir^(X)=p(n~ 1 (X)). 

For any a G G, let us also denote by o~*p, the unique A-distribution on G, such that for all 
X G X(G), 
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To any distribution // G Ai (G', A) we attach the unique A-distribution 7r"// on Q, such 
that for all g E g, and all open subgroup % of 



vrV(^) = #(^nKer(vr))/i'(7r(^)). 



Then we have 



nh^fi = ^ and 7r*7rV = # (Ker(7r)) /xj Im(7r) . 

o"£Ker(7r) 



(2.1) 



(2-2) 



For (0:1,0:2) € Ai (G,A) 2 , there is a unique A-distribution (3 on £ x Q such that for all 
(X 1 ,X 2 ) E X(Q) 2 , (3 (X± x X 2 ) = oi(Xi)a 2 (X 2 ). Then the convolution product 01O2 of 
01 and o 2 is defined by Oia^ : = rn*{3, where m : Q x Q — )■ Q, (o-i,a 2 ) h-> o"i<72. Once 
equipped with the convolution product, .M (£7, A) is an A-algebra. For any A-distribution 
fi on let us denote by \i the unique element in A [[£/]] such that for all open normal 
subgroup "H of Q, the image of /i in A [Q /Ti] is given by 



g£G/H 



where for any g E Q /H, g E Q is an arbitrary preimage of g. Then we have a canonical 
isomorphism 

M(g,A) ^A[[g\\, fi\ — 

and for any /iGM (£?, A) and any cr G we have <7*yU = cr/i. Also we mention that if 
7r : A[[£?i]] —7- ^[[^2]] is the canonical morphism defined by n, then we have the following 
commutative squares, 



M(g,A) 



A 



g]\ and m (g, A) 



A 



M(g',A)-^A[\g'}} 



M(g',A)^A[[g'} 



where for all g G g' , Hh is the sum over all h G g such that 7r(/i) = g. 

Proposition 2.1 Lei it : g^ — > g 2 be an open morphism of profinite groups, such that 
Ker(-7r) is finite. The morphism 7r" : Ai (g 2 ,A) — > Ai (Qi,A) is infective if and only if it 
is surjective. Moreover if # (Ker(ir)) is not a zero divisor in A, then the image of 7r" is 
Ai (g^Af^l 

Proof. Let [i 2 E Ai (g 2 , A). From (2.1) it is straightforward to check that tt^h 2 = if and 
only if fi 2 (X) = for all X E X(Im(7r)), and then we deduce that is injective if and 
only if 7i is surjective. For any a E Ker(7r), any je^i, and any open subgroup ^ of ^i, 
we have 

it,4(s«) = #(^nKer(7r))/i 2 (7r(a- 1 ^)) 

= #(^nKer(7r))/i 2 (7r(^)) = ^fi 2 ( 9 n), 

hence a^fi 2 = 7^2, and Im (vr tt ) C Ai {g u A) Kcv{n) . 

Now let Hi E Ai (^1, A) Kcr ^ . Let H be an open subgroup of Im(7r), and g E C?i. Let 
W be an open normal subgroup of tt~ 1 (U) such that W fl Ker (71") is trivial. Let R be a 
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complete representative system of n l (H) modulo WKer(7r). Then (crr)( CTjr .) 6 Ker(7r)xR is a 
complete representative system of 7r~ 1 ('H) modulo W, and we have 

//i (tt 1 («)</) = E = E t^ 1 )^!^) 

(cr,r)eKer(7r) xR (o-,r)GKcr(7r) X R 

E MrW<7) = #(Ker(7r))E^i(^)- 

(cr,r) eKcr(7r)xR re it 

Hence 7r*/xi takes values in # (Ker(7r)) A, and we deduce /xi = 7r" (Ker(7r))~ 1 71"* /xi) 
from (2.2). □ 

Now assume A := 0^ for some complete subfield L of C p , finitely ramified over Q p . 
An A-distribution on is called a measure. Let fi <E M (Q, A) be such a measure, and 
let V be a complete topological A-module, such that the open submodules of V form a 
neighborhood basis for 0. Let C (Q, V) be the A-module of continuous maps from Q to 
V, equipped with the uniform convergence topology. For any X G X(Q), we denote by 
lx '■ Q — > A the map such that lx{x) = 1 for x G X and lx{%) = for x G Q \ X. Then 
there is a unique continuous A-linear map 

e(G,v) — ^v, /i — - J f(t)Mt), 

such that for all X G £(£) and all v eV, J l x {t)v.dfi(t) = n{X)v. For X G £(£) and 
/ G C (£7, V), we write ^ /-d/x for ^ lxf-dfi. Then for er G £7, we have 



f{t).da*fj,(t) = / f(<rt).dn(t). (2.3) 

For any a G Z p , recall that (1 + T) Q := 1 + E ~ i —^-T n belongs to 

Z p [[T]]. Then for /x G .M (r, A), we have 

A* = / (1 + -d/*(*) in A[[T]], (2.4) 



where k : T — > 7L V is the unique isomorphism of profinite groups such that ^(7) = 1. 
Moreover, if we write mc p for the maximal ideal of Oq p , then for any x G rric p we have 

H(x) = [ (1 + x) k{ct) .dfi(a) in C p . (2.5) 



3 Elliptic units. 

For L and L' two Z-lattices of C such that LCI' and [L 1 : L] is prime to 6, we denote by 
z t— )■ ip (z; L, L') the elliptic function defined in [10]. For m a nonzero proper ideal of Ok, 
and o a nonzero ideal of Ok prime to 6m, G. Robert proved that ip (l; m, a~ 1 m) G k(m), 
where k(m) is the ray class field of k, modulo m. Let S(m) be the set of maximal ideals 
of Ok which divide m. Then ip (l;m, a~ 1 m) is a unit if and only if ^(m)] = 1. More 
precisely, if we denote by w m the number of roots of unity of k which are congruent to 1 
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modulo m, and if we write Wk for the number of roots of unity in k, then by [9, Corollaire 
1.3, (iv)], we have 

/ -in f (!) if 2< \S(m)\ , , 

V'(l;m, o m)C fc(m) = <j ^^(jv( B )-i)/« fc if s( m ) = {q}, t 3 - 1 ) 

where N(a) : = #(Ofc/a), and where (q)fc(m) is the product of the prime ideals of Ok( m ) 
which lie above q. Moreover, if <^ TO (1) is the Robert-Ramachandra invariant, as defined in 
[8, pl5], or in [4, p55], we have by [9, Corollaire 1.3, (iii)] 

i> (ljm^^m) 1 ^ = Vm (l) N ^ k ^ k \ (3.2) 

where m is the positive generator of m D Z, and (a, k(m)/k) is the Artin automorphism 
of k(m)/k defined by a. If a is prime to 6mq, then by [9, Corollaire 1.3, (ii-1)] we have 

1 ( i I -1 \ 1 — (q,fc(m)/A;) — 1 .„ , 

at r i ft -i J w l;ta,o m if qfm, , , 

N k{mci)/k{m) (^(l;mq,o mqj) =< ' ( ( 3 - 3 ) 

[ ip (1; m, a mj it q | m. 

Definition 3.1 Let F C C be a finite abelian extension ofk, and write n(F) for the group 
of roots of unity in F. Let m be a nonzero proper ideal of Ok- We define the Z [Gal(A / k)}- 
submodule *&(F, m) of F x , generated by the w m -roots of all Nk(ra)/k{m)nF {jP (l; m ) a~ 1 m)) , 
where a is any nonzero ideal of Ok prime to 6m. Also, we set ^f'(F, m) := O f D &(F, m). 

Then, we let Cf be the group generated by (i(F) and by all ty'(F, m), for any nonzero 
proper ideal m of Ok- 

Remark 3.1 Let m and g be two nonzero proper ideals of Ok, such that the conductor 
of F/k divides m. // g A m = 1, then \P' (F,q) C C f R O*,^. Else by (3.3) we have 
V (F,q) C $'(F )fl Am). 

We define C n := Z p ®z Cn, and := hjn (C n ), projective limit under the norm maps. 
For any nonzero ideal g of Ok, we define 

* (A n , gp°°) := U * (K n , gp 1 ) and (A n , gp°°) := U (A n , gp 4 ) . 

Then the projective limits under the norm maps are denoted by 

W (AToo, gp°°) := lim (Z p ® z * (K n , gp 00 )) , (A^, gp°°) := Urn (Z p ®z (A n , gp°°)) . 

Let us write X for the set of nonzero ideals of Ok which are prime to p. For g G X, 
we set A floo := k (gp°°) = U /c(gp n ), and G gi0 o : = Gal (A gj00 /A;). Then we write r g for 

the torsion subgroup of G Si oo- We denote by X' the subset of X containing all the g G X 
such that w g = 1. In the sequel, we fix once and for all f G X' such that Aoo C Af i00 . We 
choose arbitrarily a subgroup of Gf jQO , isomorphic to Z p , such that its image in is T. 
Then for any g G X such that g|f, we have the decomposition G StQO = G s x T. 

Remark 3.2 From Remark 3.1, is generated by all the \& (Aocgp 00 ), where g G X is 
such that g|f. 

From (3.3), for g G X such that g|f, and for any nonzero ideal a of Ok which is prime 
to 6gp, there is a unique 

^(g,a)G^(A , oo ,gp o °) 
such that for large enough n G N, the canonical image of tp (fl, o) in Z p ®z ^ (fc (gp") , gp°°) 

is i®V(i;0P re ,a _1 gp n ). 
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4 Prom semilocal units to measures. 



Let Q° r C C p be the maximal unramified algebraic extension of Q p , and let L be the 
completion of Q p r . We denote by Of the ring Ol [(}, where ( is any primitive [iff,o : k]-th 
root of unity in C p . For all (01,02) G X 2 such that 0i|02, we denote by 7T 02501 : G 02 ,oo ~> 
G gii00 the restriction map. We write iV 02i01 : Of<E>Zpfg 2 ,oo ~ ^ Cf®ZpW 01iOO for the norm map 
and we write v. 



02,01 



0(<S>zM B i 00 — Cf®z„W 02iOO for the canonical injection. 



For all G X', de Shalit defined in [4, 1.3.4, II. 4. 6, and II. 4. 7] an injective morphism 



of Z p [[Gqo]] -modules ^ 
morphism i B from Of®i 



^0,00 — > -M- (G Sj0 o, Ol), which we extend by linearity into a 



Wg.OO tO M (Gg,oo, Of) 



Lemma 4.1 There is a unique way to extend the family {i s ) se x> t° suc h that for all 
(0i)02) £ X 2 , the following squares are commutative, 



Of®Z p U S 2,C 



0f®Z p W i,oo 



M (G 02iOO , Of) and O f ® Zp U 6ltC 



01 



M(G Su00 ,O f ) 



O 



^02,OO 



M(G Sl>00 ,O f ) (4.1) 



'82 



M(G 



'82, fll , 



,00 ! ^f) 



Proof. This was proved by de Shalit in the case p / 2 (see [4, III. 1.2 and III. 1.3]). Let 
0i G X\X', and let 2 G X' be such that 0i|02- When p ^ 2 de Shalit uses the surjectivity 
of A r 02i01 in order to construct i Sl . If p = 2, A r 02i01 may not be surjective. However we have 

,Bl ). But by Proposition 2.1, (7T B2fll )" is injective 

B2 ' Bl \ Hence there is a unique map i Sl such that the 



Im (^02 ° «W) ^ M ( G 02,OO, 

and Im (ir, 



02,01, 



M(G S2t00 ,O f ) 



Kcr 



right hand square of (4.1) is commutative. The rest of the proof is identical to [4]. □ 



Lemma 4.2 For all g G X ; i g is an injective pseudo-isomorphism of Of[[T]]-modules. 

Proof. Let X G X, and let 2 G X' be such that 0i|02- Then (vr 02 01 )", v S2t3l , and i S2 are 
injective, and by (4.1) we deduce the injectivity of z' fll . 

By class field theory, one can show that for any prime q of K S2j00 above p, the num- 
ber of p-power roots of unity in (K g3>n ) is bounded independantly of n (see [13, Lemma 
2.1]). Then it follows from [1, 1.3.7, Theorem] that i S2 is a pseudo-isomorphism. Since 

since (7r 02 . 01 ) is injective, it follows from (4.1) 
that M. (G au00 , Of) /Im (i Sl ) is a submodule of M. (G S2)OQ , Of) /Im (i 02 ), which is pseudo- 
nul since i S2 is a pseudo-isomorphism. □ 

An element of the total fraction ring of A4. (G 0jOO , Ol) is called an O^-pseudo-measure. 
For G X, let ^(0) be the O^-pseudo-measure on G StOQ defined in [4, II. 4. 12, Theorem]. 
It is a measure if 7^ (1), and a/x(l) is a measure for all a G J(\), where we write J~m for 
the augmentation ideal of Of [[G cl), oo\\- By definition of /i(0), we have 

i, (0, a)) = ((a, K Sj00 /k) - N(a)) //(g). (4.2) 

Moreover, for (01,02) G X 2 such that 0i|02, we have 

(^,01)^(02) = n (1 - (^01,00 a)~>(0i) . (4.3) 

[prime of Ok 
l\S2 and Ifgi 
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Lemma 4.3 For gel, we denote by fj, p <x> (K Bj00 ) the group of p-power roots of unity in 
K s .oo- Then we have 

where J s is the annihilator of the Ot [[G Si0O \] -module Of(S>z ^p°° (Kg,oo) i/5 / (1), and 
where is the augmentation ideal of Of [[(j(i) )00 ]] ■ 

Proof. We refer the reader to [4, III. 1.4]. □ 



5 Generation of the characteristic ideal. 

For any gel such that g|f, and any irreducible (C or C p ) character x of G g , let f x 6 I 
be such that the conductor of X is f x p n for some n G N. Then \ defines a character on 
Gf , which we denote by Xo- We have 

e> f [[g Bi00 ]] x ~ o f [[r]] and M(G B)00 ,o f ) x ~M(r,o f ), 

where the isomorphisms are induced by the following maps, 

X:C»f[[G B)0 o]]^Cf[[r]] and x ' : M (G fl)00 , O f ) M (I\ O f ) , 

such that for any (g, a) e G g x T, x(ag) = x(9)°~i an d such that for any n E M. (G g ,oo, Cf), 
= x (z 1 )- Moreover, remark that we have 

X'O) = Xo (Kfx)*/") for a11 G M ( G 0,oo,C f ) , (5.1) 

and 

x > o (7r gjf ,) fl = for all f) G X such that fj ^ f x and f)|f x . (5.2) 

For any finite group Q, any irreducible C p -character x of and any morphism / : 
M — >■ iV of Of [C?]-modules, we denote by / x : M x — > N x the morphism defined by /. For 
any x G M, we write x x for the canonical image of x in M x . 

Lemma 5.1 Let g e I &e such that g|f. Lei x / 1 fre an irreducible C p -character of G g . 
Then 



((O f ®z p C gi00 ) x ) C (i fx ) xo ((OfSzp^^foocfxP 00 ) 
and tae quotient is a pseudo-nul Or[[T]]-module. 



Proof. Let () G X be such that f)|g, and let a; G ^ (-Kg,oo, f)P°°)- From Remark 3.1, there is 
(Xf,Af x ,oo, (f) A f x ) p°°) such that N Sifx (x) = v fxMh (y). From (5.1), and then from 
(4.1), one has 

(h) x ( x x) =X'° h(x) = x' ° K,f x ), ° i B {x) = Xo o if x o ^ g , fx (x) = x ° *f x ° %,fiA fx (") 

= Xo ° KeMfx) ° HAf x {y)- (5.3) 

From (5.2) and (5.3), we deduce (i g ) x (x x ) = if f x f fj, and (i fl ) x (x x ) = Xo° ifM = 
(if x ) xo (Uxo) ^ f x | f) - By Remark 3.2, this states the inclusion B C A, where we set 

A '= fe)xo ({°f®^' (Kf^fxP 00 ))^ ^d B := (t B ) x ((O f §z p C ,oo) ; 
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Let m := [k (sp°°) : k(f x p°°)\, and let x 6 $' (if fxi00 , f x p°°). Then mx = \ fx o %x (a;), 
and from (4.1) and (5.1), we obtain 

m ( z fx) xo ( x xo) = Xo ° if x ° W fll f x ° %f x (a?) = Xo o KfJ, o * o v a , fx (x) 

= x'°h° v B , fx {x) = {i s ) x (v s , fx {x) x ) , 

and we deduce that m annihilates A/B. Let a := (l — Xo (^f 1 ))' where o~i 

[prime ofO^ 
[|flandltf x 

is the Frobenius of I in Kf xi00 /k. Let x G W (i^ X)0O , f x p°°) • From (3.3), there is y G 
(-^g.ocSp 00 ) such that ax = N g j x (y). Then by (4.1) and (5.1), we have 

a (Hx) xo ( x xo) = Xo°ih oN s,h(y) = x ° Kfx)* ^^) = x'°* B (y) 

= (i«) x (l/x)- 

Hence a annihilates As a particular case, if there is no maximal ideal 1 of Ok such 

that and I f f x , then a = 1, A = B, and Lemma 5.1 is proved in this case. Now assume 
that there is a maximal ideal [ of Ok such that 1\q and I \ f x . By class field theory, the 
decomposition group of [ in Kf Xt00 /k has a finite index in Gal (Kf Xt00 /k). Hence <7[ ^ Gt , 
and there are a topological generator 7 of T, n G N, and g G such that a, -1 = g7 pn . 
Then 

r> n 

/ n \ 

1 " Xo (^r 1 ) = 1 - Xo^f" = 1 - Xo(<?) £ P - ^ (5.4) 

i=0 ^ ' 

where T := 7 — 1. Since m and Xo(<?) are coprime, and since — Xo{g) is the coefficient of 
T pn in the decomposition (5.4), we deduce that m and 1 — xo (°"[ *) are co P r i me - Then 
m and a are coprime, and annihilates A/B, so that Lemma 5.1 follows. □ 



Lemma 5.2 Let q G X be such that g\f. Let x 7^ 1 be an irreducible Cp-character of G s . 

(i) // p j£ 2 or if w s = w h , then Im(i B ) x = Im (%) XQ - 

(ii) J/p = 2, i/ien Im(i ) x C Im (if x ) x , an d the quotient is annihilated by 2. 
Proof. For x G W g oo , by (5.1) and (4.1), we have 

(h) x Ox) = Xo Kf x )* z s( x ) = Xo if x ^fxO) = ( Z fx) xo ( iV 9,fx( X )xo) • (5-5) 

We deduce Im (i g ) x ^ Im (if x ) xo - F° r n large enough, the ramification index of the primes 
above p in K^ n / K^ n is w<j x w~ l . If p ^ 2, then w^w" 1 is prime to p. Hence in case 
(i), K 5>n / K^ x>n is tamely ramified. Then iV flj f is a surjection from hf St00 onto Wf x ,oo, and 
we deduce Im(z ) x D Im \if x ) x from (5.5). If p — 2, Uf Xt00 /N St f x (Wg,oo) is annihilated by 
u^w" 1 which is 1 or 2, and we deduce (ii) from (5.5). □ 

For p 7^ 2, Theorems 5.1 and 5.2 below were already proved by de Shalit in [4, III. 1.10]. 

Theorem 5.1 Let g G X be such that g\f. Let u be a uniformizer of O^. Let X 7^ 1 be an 

irreducible Cp-character of G Q . 

(i) If p ^ 2 or if w g = w fx , then char 0f[[r] ] (C f ® Zp (Wg j00 /C gi00 )) Y is generated by 

Xo (fx) 



(ii) Ifp = 2, then char 0f[[T]] (O f § Zp (W g ,oc/C B ,oo)) y is generated by u mx Xo (fi (f x )j, /« 



some m x £ N. 



for 



(7n case f x = (1), we have expanded Xo to the total fraction ring of Of [[G(i),oo]] an d 
to the fraction field of O f [[T]]. We still have Xo (n (1)) G O f [|T]] J 



Proof. Let us set C g := (0f<S>z p C 0iOO ) • We have the tautological exact sequence below, 
— Im (i s ) x I (g x (c„) — Im (z fx ) xQ / (i B ) x (C g ) — Im (t^)^ /Im (z g ) x 



(5.6) 

From Lemma 5.2, we deduce the existence of m x £ N such that 

char 0f[[T]] (im (ijj^ /Im (z fl ) x ) = (u m *) , (5.7) 

with m x = in case (i). Since lm(i B ) x / (i g ) x (c s j ~ (Cf®z p (W gi00 /C gi00 )) x , from (5.6) 
and (5.7), we deduce that 

char 0f[[T]] (Of® Zp (W g ,oo/C g ,oo)) x = iT m *char 0f [[T]] (im (y^ / (i g ) x (C fl ) ) . (5.8) 

We set § := (O^z^' (iff X)00 , f x p°°) ) . From (5.8) and Lemma 5.1, we deduce 

char 0f[[T]] (O f g Zp (W g ,oo/C g ,oo)) x = u- m -char 0f[[T]] (im (i fx ) xQ / (ijj^ (¥)) . (5.9) 

Since Im (if x ) Xo / (^f x ) x (j^j — (j m (*f x ) / (*fx) (^)) and since if x is a pseudo-isomorphism, 
we deduce from (5.9) and Lemma 4.3 that 



char 0f[[T]] (O f ® Zp (W g ,oo/C gi00 )) x = u m *char 0f[[T]] [Im (i f J / (ijj ^ 

= char 0f[[T]] (At (% i0O , O f ) /J^ (f x )) xo 

= char 0f[[T]] (At (r, O f ) / X ' (j^ (f x ))) . 

(5.10) 

First we assume that f x ^ (1). Then %q (/i (f x )) At (r, C f ) / x'o (J7f x /-t (fx)) * s isomorphic 
to (Of®z p /-V° (-^f x >°o)) xo ' hence pseudo-nul since /z p °o (iff X)00 ) is finite. Then from (5.10) 
we deduce 

char 0f[[T]] (0^ Zp (W gi00 /C gi00 )) x = u-^char 0f[[T]] (At (T, O f ) / X ' (^ (f x ) ) At (r, f )) 

= u- m -Xo(^(f x ))o f [[T}}, 



and Theorem 5.1 follows in this case. Now assume f x = (1). Then we expand x'o to 
the total faction ring of At (G(i) >00 ,O f ) and to the fraction field of M {T,O f ). There 
is a £ G g such that x(°~) !• Then At (r, Of) / xd (^(l)/- 4 (1)) is pseudo-nul, 

annihilated by 1 — x{ a ) an d ^- Since x'o (^(l)/ 1 (1)) (r, Of), we deduce the inclusion 

Xo (A* (1)) At (V, C f ) C At (r, O f ) and from (5.10) we obtain 

char 0f[[T]] (O f ® Zp (W 0jOO /C giOO )) x = u- m -char 0f[[T]] (At (r, Of) / X ' fa (1)) At (T, O f )) . 
(i) and (ii) follow immediately in this case. □ 
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Theorem 5.2 Let g G X be such that g|f. Let x be the trivial character on G s . 

(i) If p ^ 2 or if w s = \fi(k)\, then char 0f [[ T]] (O f ® Zp (U St00 /C S:00 )) ^ is generated by 

Xo (TMl)). 

(ii) If p = 2, then char 0f[[T] ] (O f ® Zp (W SiOO /C 0jOO )) x is generated by u~ m *Xo (^ M 1 ) ); 
for some m x G N. 

Proof. As in the proof of Theorem 5.1, we have 

char 0f[[T]] (O f ® Zp (W ,oo/C 0iOO )) x = iT™* char 0f[[T]] (M (T, O f ) /x'o (J(i)l* (1))) , (5-H) 

where m x G N is zero in case (i). But x'o (<^(i)A* (1)) = Xo(Tn{l)) M.{Y,0<j), and the 
theorem follows. □ 

6 Finiteness of invariants and coinvariants. 

For any f) G X, we write L P) f, for the p-adic L-function of k with modulus h, as defined in 
[4, II. 4. 16]. It is the map defined on the set of all continuous group morphisms £ from 
Gal (K^oo/k) to C* (with £ ^ 1 if f) = (1)), such that 



Let n G N, and let x be an irreducible C p -character on Gal (A; (f)p n ) /k) (with x ^ 1 if 
{) = (1)). We write F x for the subfield of k (f)p n ) fixed by Ker(x), and we write x pr for the 
character on Gal (F x / k) defined by x- By inflation we can consider x as a group morphism 
Gal {K^ >00 /k) — > Cp, so that the notation L Pif) (x) makes sense. As in [4, II. 5. 2], if n > 
we set 

f (1 - Xpr(p,i 71 x A))L Pi f, (x) if P is unramified in F x , , g ^ 
n \XJ ■ ^ L p ^ ^ if p i s ramified in F x . ^ ' ' 

Lemma 6.1 Let g ^ {(0), (1)} be an ideal of Ok, and let x be an irreducible C p -character 
on Gal (k(o)/k). If x 7^ 1 an d if none of the prime ideals dividing g are totally split in 
F x /k, then L Pi0 (x) ^ 0. If x — 1> */ a power of a prime ideal, and if p \ Q, then 
L P , 8 (x)t^O. 

Proof. Let q G {p, p} be such that <p g (l) is a unit above q. Let U C k(o) x be the subgroup 
generated by the units above q. Let us fix an embedding i v : /c alg C p . We define the 
morphism of /c alg [Gal (fc(g)/fc)]-modules below, 

i v : k al z®zU ^C p [Ga\(k(Q)/k)], a®x^i p (a) £ log p ( ip (x CT )) tr" 1 , 

o-£Gal(fe(B)/fc) 

where log„ is the p-adic logarithm, as defined in [6, §4]. It is well known that Ker (log„) is 
generated by the roots of powers of p, so that i p is injective. Assume L Pi0 (x) = 0. From 
[4, II.5.2, Theorem], we deduce that e x -i£ p (1 ® <p 9 (l)) = in C p [Gal (k(g)/k)]. Then 

e x -i (1 <g> <p a (l)) = in /c alg ® z f/, (6.3) 

where x is identified to a group morphism Gal (k(g,)/k) — > /c alg via t p . If x ^ 1, then from 
[8, Theoreme 10] we deduce the existence of a maximal ideal r of Ok, unramified in F x /k, 
such that r|g, and such that x P r (t, F x /k) = 1 (hence totally split in F x /k). If x = 1, from 
(6.3) we deduce Nk( g )/k ((p a (l)) G fi(k). Then g must be divisible by at least two distinct 
prime ideals. □ 



11 



Theorem 6.1 For alln £ N, the module ofT n -invariants and the module ofT n -coinvariants 
of Hoc/ Coo are finite. 

Proof. For n large enough, K^ n /K n is tamely ramified if p ^ 2, and if p — 2 the 
ramification index is 1 or 2. Hence we deduce that the cokernel of the norm maps Wf j00 — y 
and Ut oo/Ct oo — > Woo/Coo are annihilated by 2. We deduce that 

char Zp[[T ]] (Woo/Coo) divides 2 a char Zp[[T] ] (U f)00 /Cf j00 ) , for some a £ N. (6.4) 

By (6.4), we are reduced to prove Theorem 6.1 in the case = Kf }00 . By (1.1), we 
only have to show that char 0f [[ T ]j (0f®Zp^,oo/0f®z p Cf,oo) x is prime to ((1 + T) p " - l), 
for all n £ N, and all irreducible C p -character \ on Gj. Let \ be such a character, and let 
C £ /i P °° (C p ). We choose a maximal ideal £ of Ok, prime to fp, such that Xpr (£, F x /k) ^ 1 
if x 7^ 1, and such that I is not totally split in k\ (the subfield of fixed by F p ) if x = 1- 

By Theorem 5.1 and Theorem 5.2, it suffices to prove xo ^(l — o"^ 1 ) A 1 (fx)) |t=C-i ^ 0; 
where o~£ := (£,Kf j00 /k). By (4.3) and by (2.5), we have 

Xo ((1 - ^ (fx) ) It=c-i = Xo (^f x £, fx ( // (f x l) )) It=c-i 

= j^.dxle^ifj^ia), (6.5) 

where Xf x £ is the character on Gj x ^ defined by xo ; and where k : T — y Z p is the unique 
morphism of topological groups such that ^(7) = 1. From (6.5) and (2.3) we deduce 

xo ((1 - *t) Mfx)) k-i = E / C K(CT) -d (g- 1 )^ (f x £) {?). 




where for any a £ G^ x £ iOOJ g a is the image of a through the projection G^ i i00 — y Gt#. We 

define £ : Gf x £,oo — >■ C* , cr C K ( 9<T CT )xf x £ (fl^)- Then £ is a group morphism, and if n £ N 
is such that £ p ™ = 1, then £ defines an irreducible C p -character on Gf x £ tTl := Gal \ K^ n / k) . 
Let Q be the conductor of F%. Since the restriction of £ to Gf x ^ Gj x p , n is Xf*^ we deduce 
that there is m £ N such that g = f x p m , and from (6.2) we deduce that 

w (r 1 ) = iw (r 1 ) • (6.7) 

Then from (6.6) and (6.1) we deduce 

(1 - xo fa 1 )) Xo ( jm (f x ) ) |t=c-x = / £(a).d/i (fx*) (*) = L p,fx^ (O • (6-8) 

If X 7^ 1; then Xpr F x /k) 7^ 1 implies that £ is not totally split in F^/k. If x = 1 and 
C 7^ 1) then ki C and £ is not totally split in F^/k. If x = 1 and £ = 1, then £ = 1 and 
q = (1). From (6.8), (6.7), and Lemma 6.1, we deduce 

(1 - xo (a," 1 )) Xo ( j* (f x )) |t=c-i = Lpje (r 1 ) 7^ 0. 

□ 
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